In this letter, the scattering state solutions of the Dirac equation for spin and pseudospin symmetries are obtained for the Hellmann potential. The normalized wave functions and scattering phase shifts are calculated for both spin and pseudospin symmetries. Scattering properties for Coulomb-like and Yukawa-like potentials are also studied as limiting cases.
Introduction
The Dirac equation [1] has become the most appealing relativistic wave equation in the eld of mathematical physics for spin-1/2 particles. One of the interesting problems in the Dirac equation is the concept of spin and pseudospin symmetries. These symmetries of the Dirac Hamiltonian were discovered many years ago. However, the spin and pseudospin symmetries have been recently recognized empirically in nuclear and hadronic spectroscopies. The solution of the Dirac equation with mixed potentials for particles such as atoms, nuclei and hadrons play a central role in a realistic nuclear system. In order to investigate the nuclear shell structure, the study of the pseudospin and spin symmetric solutions of the Dirac equation has been an important area of research in nuclear physics. However, spin symmetry is relevant to mesons [2] , and the pseudospin symmetry refers to a quasi-degeneracy of single nucleon doublets [3, 4] . Recently, many works have been done to solve the Dirac equation so to obtain the energy equation and the twocomponent spinor wave functions [518] . In the recent years, investigation of scattering states properties of nonrelativistic and relativistic wave equations in quantum mechanics has been in great attention. In order to understand the studied quantum system completely, we should study the both bound states and the scattering states for a given quantum system.
In the present work, we deal with the solution of scattering state of the Dirac equation for spin and pseudospin symmetries with the Hellmann potential which is the superposition of the Coulomb and Yukawa potentials and dened as [19] : and discussed some special cases of Hellmann potential in Sect. 4. Finally our conclusion appeared in Sect. 5.
Theory of Dirac equation with tensor coupling
The Dirac equation for spin-1 2
particles moving in an attractive scalar potential S(r), a repulsive vector potential V (r) and a tensor potential U (r) in the relativistic unit ( = c = 1) is [23] :
where E is the relativistic energy of the system, p = −i ∇ is the three-dimensional momentum operator and M is the mass of the fermionic particle. α, β are the 4 × 4
Dirac matrices given as
where I is 2×2 unitary matrix and σ i are the Pauli threevector matrices. The eigenvalues of the spinorbit cou-
and the aligned spin j = l + 1 2 respectively. The set H, K, J 2 , J z forms a complete set of conserved quantities. Thus, we can write the spinors as [20] :
where F nκ (r), G nκ (r) represent the upper and lower components of the Dirac spinors. Y l jm (θ, φ), Yl jm (θ, φ) are the spin and pseudospin spherical harmonics and m is the projection on the z-axis. By using Eq. (1) and Eq. (4) we nd the following two coupled rst-order Dirac equations: (6) and the extension to tensor interaction becomes
where
Σ(r) = V (r) + S(r).
Eliminating F nκ (r) and G nκ (r) in Eqs. (7) and (8), we obtain the second-order Schrödinger-like equation as
F nκ (r) = 0,
Scattering states of pseudospin and spin symmetry limits
In the following section, we intend to investigate the scattering states of the Dirac equation with the Hellmann potential.
Pseudospin symmetry limit
The pseudospin symmetry occurs in the Dirac theory as dΣ (r) dr = 0 or equivalently Σ (r) = C ps = const. In order to nd scattering solution of the Dirac equation under the pseudospin symmetry limit, we take the dierence of the scalar and vector potentials as the Hellmann potential
and the tensor interaction has the following form:
Substituting Eqs. (13) and (14) into Eq. (12) yields
where we make use of the following approximation [24, 25] :
Using a change of variable of the form s = 1 − e −αr , Eq. (15) can be written as 
and
If we take
Eq. (17) satises the hypergeometric equation
Therefore, we may write down the radial wave func- 
Let us study to calculate the normalization constant and the phase shifts. Here, we recall the following properties of hypergeometric function:
From the properties of the hypergeometric functions
where we have used the following relation:
Therefore the corresponding unnormalized wave functions for r → ∞(s → 1) are given as 
.
3.2. Spin symmetry limit
In the spin symmetry limit condition, we take the sum potential Σ (r) as the Hellmann potential, the dierence potential ∆(r) as constant and the tensor potential U (r)
as the Coulomb-like interaction term. Thus, we have the following:
Substituting Eqs. (33) and (34) 
(38) Λ 1 , Λ 2 , Λ 3 and Λ κ are dened as
The solution of Eq. (35) can be expressed in hypergeo-
By doing the same approach as the previous subsection, the phase shifts and the normalized constant of spin symmetry limit can be given by 
where 
Coulomb-like scattering states
If we choose b ps = 0 (b s = 0) the Hellmann potential reduces to the Coulomb-like potential. In this case
Eq. (15) changes into
where l =
Considering the boundary conditions of the scattering states, i.e. G 
Eq. (50) is just the conuent hypergeometric equation
and its solutions are the conuent hypergeometric functions. The analytical solution as r →0 is
Thus, the radial wave function of the scattering states is
Now, we want to obtain the asymptotic behavior of wave function for r → ∞ and then calculate the normalization constant and the phase shifts. To proceed on, we use the transformation formulae for conuent hypergeometric functions when z → ∞:
where + corresponds to −π/2 < arg(z) < 3π/2, and − corresponds to −3π/2 < arg(z) < π/2. Equation (53) is then changed into
Letting
Eq. (56) can be written as
By putting Eq. (57) into Eq. (52), we have G ps n,κ (r)
On the other hand, 
By doing the same approach as for pseudospin symmetry, we obtain phase shifts and the normalization constant of spin symmetry as follows:
where in the spin symmetry case l , k, and λ are dened as:
Conclusions
We have analyzed the characteristics of relativistic scattering states of the Dirac equation with the Hellmann potential for both spin and pseudo spin symmetries. Due to the centrifugal term we have used a proper approximation, and obtained approximately the normalized wave function and scattering phase shifts for both symmetries.
Also, we have studied two special cases of the Hellmann potential, i.e., the Yukawa-like and Coulomb-like potentials.
